If the presence of entanglement could be certified in a device-independent (DI) way, it is likely to provide various quantum information processing tasks with unconditional security. Recently, it was shown that a DI protocol, combining measurement-device-independent techniques with selftesting, is able to verify all entangled states, however, it imposes demanding requirements on its practical implementation. Here, we present a less-demanding protocol based on Einstein-Podolsky-Rosen (EPR) steering, which is achievable with current technology. Particularly, we first establish a complete framework for DI verification of EPR steering and show that all steerable states can be verified. Then, we analyze the three-measurement setting case, allowing for imperfections of self-testing. Finally, a four-photon experiment is implemented to device-independently verify EPR steering and to further demonstrate that even Bell local states can be faithfully verified. Our findings pave the way for realistic applications of secure quantum information tasks.
If the presence of entanglement could be certified in a device-independent (DI) way, it is likely to provide various quantum information processing tasks with unconditional security. Recently, it was shown that a DI protocol, combining measurement-device-independent techniques with selftesting, is able to verify all entangled states, however, it imposes demanding requirements on its practical implementation. Here, we present a less-demanding protocol based on Einstein-Podolsky-Rosen (EPR) steering, which is achievable with current technology. Particularly, we first establish a complete framework for DI verification of EPR steering and show that all steerable states can be verified. Then, we analyze the three-measurement setting case, allowing for imperfections of self-testing. Finally, a four-photon experiment is implemented to device-independently verify EPR steering and to further demonstrate that even Bell local states can be faithfully verified. Our findings pave the way for realistic applications of secure quantum information tasks.
Introduction-Entanglement is not only of fundamental importance to understand quantum theory, but also has found practical applications in information processing and computational tasks [1] . If its presence could be certified in a fully device-independent (DI) manner, such as violating some Bell inequality [2, 3] , it is likely to offer information processing tasks with unconditional security because it does not impose any trust in measurement devices. However, the conclusive violation of Bell inequalities usually requires the high efficiency of measurement apparatuses to close the detection loophole. Besides, it also demands the low transmission loss of prepared states since sufficiently lossy entangled states are unable to violate any Bell inequality [4] . Thus, although this trust-free verification of entanglement using Bell inequalities has promising applications in quantum networks, its utility in noisy ones is limited.
Recently, Bowles et. al. proposed an alternate DI protocol able to verify all entangled states [5, 6] . Intrinsically, it is composed of two parts: The first part utilizes measurement-device-independent (MDI) techniques that injecting some well-prepared quantum states randomly into the characterized system relaxes the requirement of high measurement efficiency as introduced by Buscemi [7] , allowing the detection loophole to be circumvented [8] ; The second employs self-testing [9, 10] to certify the above input states device-independently. However, its complete implementation relies on the nearperfect self-testing of these states with average fidelity above 99.998% [6] , making it unrealistic to implement within current technology.
In this work, we present an experimental-friendly protocol based on Einstein-Podolsky-Rosen (EPR) steering or quantum steering beyond the above limitations. Specifically, EPR steering is a form of nonlocal correlations which lies intermediate between entanglement and Bell nonlocality [11] [12] [13] , and has been operationally interpreted as a one-sided device-independent task able to certify entanglement within quantum theory [11, 12] . Being confirmed in many experimental setups [14] [15] [16] [17] , it was also proven to be useful in one-sided secure key distribution [18] and randomness generation [19] . Furthermore, its verification was extended to the MDI scenario [20] [21] [22] [23] [24] [25] , and the corresponding experimental validations were reported in [21, 23, 26] . Here, inspired by results in [5, 6] , we give a full analysis of DI verification of EPR steering, which naturally certifies entanglement with quantum descriptions. More importantly, it is found that this steering protocol is unconditionally secure and robust to the transmission loss, detection efficiency, and self-testing.
In this Letter, we first establish a complete framework for DI verification of EPR steering, and give a general protocol that can witness all steerable states device-independently. Then, the three-measurement setting case is analyzed and able to tolerant a self-testing fidelity lower than 98.5%, which is a significant reduction in comparison to entanglement verification for certain Werner states. Finally, we implement a proof of principle arXiv:1909.13432v1 [quant-ph] 30 Sep 2019 experiment via preparing two pairs of entangled photons to validate our DI steering protocol, and find that Bell local states can be faithfully verified with an experimentally attainable self-testing fidelity of around 99.2%.
Preliminaries-Suppose that two observers, namely Alice and Bob, make some measurements on a preshared state (they may not have quantum descriptions). Steering was coined by Schrödinger to describe the ability that Alice's local measurements could prepare Bob's states remotely [27] , and this phenomenon was operationally interpreted as EPR steering by Wiseman et. al. [11] . Specifically, if Alice's and Bob's measurements are labeled as x and y respectively, and the corresponding outcomes a and b, it amounts to checking if the collected statistics p(a, b|x, y) admit a local hidden state (LHS) model in a form of p(a, b|x, y) = [11] . If there is no such LHS model, then EPR steering from Alice to Bob is demonstrated. Noting that Alice's side may not obey quantum rules, it is an one-sided device-independent verification task. And if Alice does, the presence of entanglement is naturally certified.
In principle, every steerable state can be witnessed in an experimental-friendly manner by violating a suitable linear steering inequality of the form [28] 
Here Alice obtains outcome a, and the operator B j describes the observable chosen by Bob, given the measurement j. Moreover, its verification has been adapted to the MDI scenario [20] [21] [22] [23] [24] [25] where the trust in Bob is completely transferred to a third observer, Charlie say, who randomly assigns some quantum states to Bob. Particularly, upon receiving quantum states described by density matrices {τ T b,j } from Charlie where T is the transpose operation, Bob is required to perform an arbitrary binary measurement B with which the outcomes are modeled as either "Yes" or "No". Then, denote by P (a, Yes |x, B, τ T b,j ) the probability that Alice obtains a for the measurement x and Bob answers "Yes" when assigned to τ T b,j . Arranging these outcome statistics properly yields a quantumrefereed steering witness [21] [22] [23] 
with g b,j being some predetermined weights. In practice, Bob could perform a partial Bell state measure-
d models the answer "Yes" and d is the dimension of the Hilbert space of {τ T b,j } equal to that of Bob's local system. Finally, it was shown in [21, 23] that each quantum-referred witness (2) can be constructed from a steering inequality (8) , implying all steerable states could be detected in a MDI manner. Fully device-independent verification of EPR steering-It follows from above discussions that in the MDI framework both Alice's and Bob's side are already deviceindependent, while the extra trust in the preparation of quantum states by Charlie is still required. Hence, eliminating this trust in Charlie immediately gives rise to a fully DI steering verification. Here this task is accomplished via self-testing which aims to uniquely identify the state and the measurements for uncharacterized systems [9, 10, 29] .
Indeed, the states {τ T b,j } input to Bob can be prepared by quantum steering that Charlie performs local measurements {τ b,j } if Bob and Charlie share the Bell state
This process, including |Φ + d and Charlie's measurements with a quantum realization of {τ b,j }, can be uniquely determined or self-tested via certain Bell inequality because its maximal violation determines can only be achieved by a certain state and specific measurements up to some local isometry. Since all pure bipartite entangled states and the measurements could be self-tested [30, 31] , confirmed in recent experiments [32, 33] , it leads us to conclude that in principle we can construct a DI steering inequality [34] W DI = a,c,j g c,j a j P (a, Yes, c |x = j, B, z = j) ≤ 0, As depicted in Fig. 1 , we establish a complete framework for DI verification of EPR steering and present a DI protocol to witness steerable states. Finally, it is worth FIG. 2: Experimental setup for the DI steering protocol. Two pairs of entangled photons are generated via the spontaneous parametric down-conversion process, where the β-barium-borate (BBO) crystal is cut in a sandwich-like configuration to prepare desired states with high fidelity. One pair labeled as 1 and 2 is generated as a family of Werner states in Eq. (10) distributed to Alice and Bob, while the other labeled as 3 and 4 is produced as the Bell state |Φ + 2 sent to Charlie and Bob. A complete implementation of DI steering verification (6) requires three Bell-CHSH tests and one MDI steering test (2) . Hence, Alice and Charlie perform three Pauli measurements σj on their respect photons, while Bob makes 6 measurements described by noting that the self-testing process of Φ + d and Charlie's measurements is not explicitly constructed in our steering witness as per Eq. (3), requiring a detailed analysis case by case. For example, if Charlie is restricted to binary measurements, we can make use of Clauser-Horne-Shimony-Holt (CHSH) type inequalities [36] to do self-testing. In the following, we study the case involving three dichotomic measurement settings and discuss its robustness towards imperfections of self-testing.
Three measurement settings-Assume that Alice randomly takes three dichotomic measurements x = 1, 2, 3, and Bob randomly receives τ c,j = (I + cσ j )/2 for c = ±1 and j = 1, 2, 3 prepared by Charlie where these σ j represent three Pauli observables. It is possible to construct a quantum-refereed witness as per Eq. (2) for MDI verification [21] [22] [23] . Correspondingly, this yields an inequality as per Eq. (3) for DI verification, with an exact relation
Next, we discuss how to certify these {(I + cσ j )/2} device-independently via self-testing.
Note that if Bob and Charlie share a two-qubit state |Φ + 2 = (|00 + |11 )/ √ 2 , then Charlie is able to prepare Bob's states {(I + cσ j )/2} by performing three Pauli observables locally. This physi-cal process could be uniquely identified via a triple Bell test summing three Bell-CHSH tests [34, 37] . Here, we adopt the fidelity f 0 = Φ + 2 | ρ 0 data |Φ + 2 to evaluate the performance of self-testing, i.e., the overlap between estimated states self-tested from experimental data and the target state. And the corresponding fidelity for Charlie's measurements can be cast as the state fidelity in a similar form of f j = Φ + 2 | σ j ρ j data σ j |Φ + 2 for j = 1, 2, 3. All these fidelity are calculated via a semi-definite program [38] [39] [40] . Thus, taking imperfect self-testing into account, we are able to obtain, after considerable algebra [34] W noisy
for DI steering verification. It is noted that the selftesting performance in [6] is quantified with trace distance, interchangeable with fidelity used here [34] . Additionally, it differs from the one in [21] which is obtained via tomography. Experimental setup-The experimental setup for DI verification of EPR steering is displayed in Fig. 2 . To implement this protocol, we prepare two pairs of entangled photons pairs via the spontaneous parametric down-conversion (SPDC) process. To be specific, one pair is prepared as the maximally entangled state |Φ + 2 = (|00 + |11 )/ √ 2 labeled as ρ 34 in the setup where the state basis 0, 1 encode horizontally polarized direction (H) and vertically polarized direction (V) of photons respectively, while the other pair is generated as a family of Werner states
Here, the white noise with 1 − v in Eq. (5) is simulated by flipping Alice's measurements with probability (1 − v)/2 [41] . The steerability of this class of states is to be verified via the steering witness (34) . These photonic states are then distributed to three observers. As shown in left side of Fig. 2 , ρ 12 is sent to Alice (photon 1: the green ball) and Bob (photon 2: the blue ball) through single-mode fibers while the entangled photonic pair encoding ρ 34 is distributed to Charlie (photon 3: the red ball) and Bob (photon 4: the yellow ball) similarly. The detailed parameters adjusted for wave plates to realize three Pauli measurements σ j performed on the single photon (photon 4 for Bob) are given in Tab.I in Supplemental Materials [34] . Further, Bob needs to perform a partial BSM to complete the DI verification. It is shown in the right side of Fig. 2 that the joint measurement device is composed of three polarizing beam splitters, two 22.5 • rotated HWPs, and four pseudo photonnumber-resolving detectors (PPNRD). In each PPNRD, a balanced beam splitter splits the light into two fibercoupled single photon detector, and thus we will have a 1/2 chance to detect two photons.
Finally, we collect the measurement statistics to do three Bell-CHSH tests B i,j in which the fidelity of three Pauli measurements is estimated from the expectation
, and then use them to test the DI steering inequality
For the family of Werner states (5), its theoretical prediction of the outcome statistics (6) should be 3v −(
In particular, the average fidelity of around 98.5% is allowed for Bell local states with v = 0.7, which is a significant reduction in comparison to entanglement verification with fidelity above 99.998% [6, 34] .
Results-In this experiment, the entangled photons encoding |Φ + 2 are collected up to 13000 per second with a pump power of 30 mW. We observe an extinction ratio over 500 : 1 in the H/V basis and the H+V/H-V basis, implying that it is generated with fidelity higher than 0.997. Charlie's three Pauli measurements are self-tested by means of three Bell-CHSH tests B i,j for (i, j) = (1, 2), (1, 3), (2, 3) . With the fair-sampling assumption, we obtain B 12 = 2.8241, B 13 = 2.8211 and B 23 = 2.8189, all close to the maximal value 2 √ 2 ≈ 2.8284. Thus the fidelity of Pauli measurements selftested from experimental data is calculated with f 1 = 0.9931, f 2 = 0.9897, and f 3 = 0.9979, and the average equal to 99.2% is attained in our experiment. We point out that the Poisson oscillation of the photon is counted with an uncertainty of 0.0009. Especially, we observe a violation up to 0.1189 ± 0.0714 for the Bell local state with v = 0.7015 (4) . In contrast, the corresponding theoretical and experimental results for using simple Bell-CHSH inequality with two measurements to certify steerability are also given in blue line and dots, and the error bars are about 0.001. The shaded blue region represents the failure of steering witnesses.
The experimental results for DI verification of Werner states in Eq. (5) are plotted in Fig. 3 . We first do quantum state tomography, and each state with v = 0.6469(4), 0.6742(4), 0.7015(4), 0.8090(4), 0.9239(3) and 0.9951(0.9) is constructed from about 9, 800, 000 photon pairs [34] . For the ideal case, i.e., all f j = 1, the theoretical prediction of the steering inequality (6) for Werner states should be 3v − √ 3 ≤ 0 and it recovers the bound v = 1/ √ 3 ≈ 0.5774 for steerability [28] . If self-testing is non-perfect, the steering inequality, incorporated with self-testing results obtained above, is shown as the red line in Fig. 3 , while the experimental results are displayed in red dots. It is evident that we successfully witness steerability for v ≥ 0.7015(4), allowing for system errors, statistic errors, and imperfections of self-testing. Importantly, a violation of the steering inequality (6) up to 0.1189 ± 0.0714 is achieved at the point v = 0.7015 (4) which is lower than the Bell-CHSH bound 1/ √ 2 ≈ 0.707 [36] and even the Vétersi bound 0.7056 [42] . This implies that we are able to faithfully verify Bell local states device-independently. However, the error bars for the steerable Werner states with v = 0.6469(4), 0.6742(4) fall into the failure region and thus we cannot conclude that they are verified in our DI protocol. In contrast, we also perform a simple Bell-CHSH test to verify steerability of these states deviceindependently. In Fig. 3 , the blue line describes the theoretical result while blue dots are for the experimental results for these Werner states.
Conclusion and discussion-We have studied the DI verification of EPR steering and implemented an optical experiment to validate our DI protocol. In principle, we prove that all steerable states, including Bell local states, can be verified device-independently. In practice, we consider noise during the implementation process, such as imperfections of self-testing, and derive a noisy steering inequality as per Eq. (34) for the three-measurement setting case. Finally, we give a proof of principle experiment to successfully demonstrate this DI steering protocol. We believe that our results pave the way for realistic implementations of secure quantum information processing tasks involving EPR steering or entanglement and find practical applications of self-testing.
We point out that there exists possible ways to improve the performance of our DI steering protocol and circumvent the potential loopholes. For example, the delicate methods proposed in [15, 25] may help to tolerate more worse transmission loss and measurement efficiency. Moreover, the resource efficient method used in [43] could improve the success probability of the partial BSM, and the self-testing could be more noise robust by adopting other techniques [10] . Finally, it is interesting to follow an alternate framework [44] to verify quantum steering.
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Supplemental material for: Device-independent verification of Einstein-Podolsky-Rosen steering
In this appendix, we give a detailed analysis of fully device-independent (DI) verification of Einstein-Podolsky-Rosen (EPR) steering or quantum steering step by step. First, the standard EPR steering is introduced and its detection is discussed. Then, we move to measurement-device independent (MDI) verification of EPR-steering, an important step to eliminate the trust in measurement devices with additional assumptions. Further, by using self-testing to remedy above extra assumptions, we arrive at a fully device-independent (DI) verification. Moreover, the noise robustness of our DI steering protocol is analyzed, especially robustness of self-testing, and a DI steering inequality is constructed to expose steerability of physical states, which naturally certifies the presence of entanglement within quantum theory. Finally, the optical experimental details to implement the complete DI verification of EPR steering are presented.
What is EPR steering?
Suppose that two observers, namely Alice and Bob, make some measurements on a preshared state (they may not have a quantum description). Steering was first introduced by Schrödinger to describe the ability that Alice's local measurements could prepare Bob's states remotely [27] , and this phenomenon was formulated as EPR steering by Wiseman et. al. [11] . If all follows quantum rules, it has an operational interpretation as an entanglement verification task. Specifically, if Alice's and Bob's measurements are labeled as x and y respectively, and the corresponding outcomes a and b, this task amounts to checking if the collected statistics p(a, b|x, y) admit a local hidden state (LHS) model in a form of
where the hidden variable λ specifies some classical probability distribution p(a|x, λ) for Alice and some quantum probability distribution Tr[E B b|y ρ B λ ] for Bob which is generated via performing a positive-operator-valued measurement (POVM) {E B b|y } b,y on quantum states ρ B λ [11] . If there is no such LHS model, then EPR steering from Alice to Bob is demonstrated.
where a j represents the outcome of Alice's measurement j and Bob's correlated measurement j has a quantummeachnical description B j . For example, consider the measurement scenario where Alice and Bob are specified to three dichotomic measurements. If Bob's measurements are further chosen as mutually unbiased observables, it immediately gives rise to a steering inequality [28] W S = a 0 σ 0 + a 1 σ 1 + a 2 σ 2 + a 3 σ 3
where σ 0 = I, a 0 = − √ 3 , and operators σ j for j = 1, 2, 3 correspond to three Pauli operators σ x , σ y , σ z . With respect to the family of Werner states, considered in the main text,
with
, it is easy to check that W S (ρ) = 3v − √ 3 . So, if the visibility is larger than the bound √ 3 /3 ≈ 0.577, i.e., violating this steering inequality, the steerability of this class of states is witnessed.
How can we verify EPR steering measurement device-independently?
Given the measurement outcome statistics p(a, b|x, y) in Eq. (7), if Alice's side also admits a quantum description, then the above task reduces to the entanglement verification. In a seminal work [7] , Buscemi established a MDI framework to certify all entangled states, in which neither Alice nor Bob is trusted or assumed to follow quantum rules. Indeed, the trust in both sides is completely transferred to a third observer, Charlie say, who could prepare a set of quantum states and then randomly assigns them to either Alice or Bob.
The MDI framework was later extended to EPR steering [20] . With respect to steering, since Alice is already device-independent, Bob's trust is the only issue to be addressed. In the MDI scenario, Bob and his device are not trusted any more, and thus the quantum probability for Bob in Eq. (7) and the steering inequality with B j as per Eq. (8) are not applicable neither. It works that Bob is instead specified to a set of quantum states {τ T b,j } at random from Charlie where T is the transpose operation. Then, Bob is required to perform some joint measurement B on his subsystem and the input quantum states and reply with dichotomic outputs denoted by "No" and "Yes", respectively. Denote by P (a, Yes |x, B, τ T b,j ) the probability that Alice obtains a for the measurement x and Bob answers "Yes" when assigned to τ T b,j . It is possible that arranging these outcome statistics properly yields a quantum-refereed steering (QRS) witness [21, 23] 
where g b,j are some predetermined parameters. In practice, Bob could perform a partial Bell state measurement
d models the answer "Yes" and d is the dimension of the Hilbert space of {τ T b,j } equal to that of Bob's local system. Note that Bob's observables B j in Eq. (8) could be decomposed into a linear combination of their outcomes which are modeled by elements E b|j of POVMs, i.e., there is
where b refers to the measurement outcome of B j . If Alice and Bob share a state ρ AB to be tested, then the above QRS becomes
When these input state are chosen as τ b,j = E b|j and predetermined parameters satisfy g b,j = g b,j , it leads to
It was shown in [21, 23] that each QRS witness can be constructed from a standard steering inequality as per Eq. (8), implying that all steerable states can be witnessed in an MDI manner. For the class of Werner states given in Eq. (10), when Bob is randomly input to
with g b,j = b = ±1 and performs a partial BSM, it is easy to derive that W QRS (ρ) = (3v − √ 3 )/2.
How can we verify EPR steering device independently?
It follows from above discussions that in the MDI framework both Alice's and Bob's side are already deviceindependent or trust-free, while the extra trust in the preparation of quantum states {τ T b,j } by Charlie is still required. Hence, eliminating this trust in Charlie immediately gives rise to a fully DI steering verification. One possible way to addressing this issue is self-testing [10] which refers to a device-independent way to uniquely identify the state and the measurement for uncharacterized quantum devices. As the only information required is the number of measurements, the number of outputs of each measurement, and the outcome statistics, it is thus a completely device-independent process.
Self-testing of input states
Note that the states {τ T b,j } input to Bob can be prepared by a measurement process in which Bob and Charlie share the Bell state |Φ + d and then Charlie performs local measurements {τ b,j } to steer Bob, i.e., Tr
This process, including |Φ + d and Charlie's measurements with a quantum realization of {τ b,j }, can be uniquely determined or self-tested via certain Bell inequality because its maximal violation determines can only be achieved by a certain state and specific measurements up to some local isometry. For example, when maximal violation of the simple Bell-CHSH inequality is achieved, it determines that Charlie takes Pauli observables σ x and σ z while Bob makes the corresponding measurements (σ x ± σ z )/ √ 2 on the singlet state (|01 − |10 )/ √ 2 . The uniqueness is ensured in the sense that they are up to a local unitary operation. Generally, it is shown that all pure bipartite entangled states and the measurements could be self-tested, implying that a set of {τ T b,j } input to Bob are possible to be device-independently verified.
Here, we focus on the binary measurement scenario to illustrate our results. Assume that Bob and Charlie are spatially separated and each has access to a black box with an underlying state |ψ . Charlie performs three dichotomic measurements z = 1, 2, 3 denoted by X C , Y C and Z C . What we want to do is certify from the measurement statistics that Tr
It is accomplished with three Bell-CHSH tests and thus Bob needs to perform another six dichotomic measurements y = 1, 2, ..., 6. After a large number of rounds of experiments, the joint probability distribution p(b, c|y, z) where b, c are measurements outcomes could be reconstructed and the expectation of joint observables y and z is
Then we are able to construct a triple Bell operator [37]
from summing three simple Bell-CHSH operators. Obviously, its maximal value within quantum theory is B = 6 √ 2. Fig. 4 ) such that
where |ξ is the junk state left in systems
with ξ 0 |ξ 0 + ξ 1 |ξ 1 = 1. It means that we can extract the exact information of the maximally entangled state of two-qubit |Φ + 2 = 1 √ 2 (|00 + |11 ) and Charlie's three measurements
Although there exists the sign problem of σ y to be distinguished, it does not pose any constraint to verify entanglement [5] and EPR steering to be discussed.
DI verification of EPR steering
Consider that Bob is input τ b,j = 1 2 (I + bσ j ) with b = ±1, j = 1, 2, 3 randomly from Charlie. There is a steering process such that τ b,j = 2Tr C |Φ + 2 Φ + 2 | BC I ⊗ (I + bσ C j )/2 , which could be self-tested from certain Bell test. Hence, we can obtain a DI protocol, combining MDI techniques with self-testing, to verify every steerable state. In particular, an DI steering inequality naturally follows from a QRS witness, admitting the form of
Noting that σ T y = −σ y , the measurement set {σ x , −σ y , σ z } could be transformed from the set {σ x , σ y , σ z } on which is acted the transpose operation T . It is easy to verify that the state ρ AB has a LHS model with respect to one measurement if and only if it holds for the other measurement set, because the partial operation does not change the nonlocal property of EPR sreering. Thus, the sign of σ C y is not a problem when we certify the steerability. In regard to Werner states (10), we have
This again indicates that we can verify all steerable states with an DI protocol.
Robust DI verification of EPR steering
Ideally, our results derived above work well. However, due to imperfections, such as transmission loss or measurement errors, we may collect the noisy data which is usually unable to violate the Bell inequality maximally. Thus the self-testing process is not perfect, and we need to estimate the distance between the observed statistics and the targeted one, a property known as robustness. In this section, we give a detailed analysis of robust self-testing for Pauli observables based on Navascués-Pironio-Acín (NPA) hierarchy and the semi-definite program (SDP). Then, we provide an DI steering inequality, allowing for imperfections of self-testing.
Robust self-testing of Pauli observables
In the ideal case, we have constructed a local isometry in Eq. (18) to certify the the Bell state from the unknown physical state |ψ . Similarly, three Pauli observables σ j , j = 1, 2, 3 are cast as the state self-testing of σ C j |Φ + 2 from uncharacterized M C |ψ , where M C = {X, Y, Z} is the unknown local operator acting on Charlie. To be specific, as This matrix have two eigenvalues λ j = ± 1 − α 2 j = ± 1 − f j by solving the following matrix
in the basis of {σ C j |Φ + 2 , |φ ⊥ j }. Instead of Charlie's local measurements σ j for the ideal case, σ j + ∆ j represents the real measurements performed on the Bell state |Φ + 2 . Suppose now that the state ρ AB shared by Alice and Bob has an explanation of the LHS model as per Eq. (7) . Accounting for the imperfections of self-testing, we are able to derive a steering inequality
E BB0 models the answer "Yes" from Bob's arbitrary joint measurement B, and the third equality results from the relation g c,j = c = ±1. If self-testing is perfect, i.e., f j = α j = 1, the above quantity recovers the ideal one W DI . Next, we estimate the range of its noisy part. Noting that
where (
Experimental details
In this section, we will give the details about the generation of the photon source, the construction of the partial BSM and the settings of the wave plates used in the self-testing stage.
Photon source-In our experiment, the maximally entangled state |Φ + 2 = (|00 + |11 )/ √ 2 is prepared through the SPDC process, where the pump laser has a repetition rate of 80 MHz, a central wavelength of 390 nm, and a pulse duration of 140 fs. A sandwich-like β-barium-borate crystal is configured in SPDC and a pair of the YVO4 crystal and LiNO3 crystal is used for temporal and spatial compensations [35] . To be specific, the computer basis 0, 1 are encoded on the photon's horizontally polarized direction (H) and vertically polarized direction (V) respectively.
The singlet state |Ψ − 2 = 1 √ 2 (|01 − |10 ) is prepared by re-encoding one photon's polarization H(V ) as 1(0) for state |Φ + 2 and slightly tilting the temporal compensation crystals YVO4 to add a phase π. In the experiment, we simulate the added white noise of the to-be-witnessed system ρ AB by flipping Alice's measurement, and the noise level v is roughly estimated by the flipping probability (1 − v)/2 [41] . By performing the standard quantum state tomography, we get the density matrix of the experimentally prepared state, which is approximated to the Werner state ρ W with visibility v. The real part of density matrices ρ AB and the proximate Werner states are shown in Fig. 5 , and the corresponding fidelities are 0.9993(4), 0.9993(4), 0.9993(4), 0.9988(4), 0.9960(4) and 0.9959(1) respectively.
Partial BSM-In our experiment, we detect all two-photon coincidence of the eight APDs (D1 D8) in the BSM device, and category the results into four classes. i) The coincidence happens between (1H, 2H) or (1V, 2V), the BSM resolves the |Φ + state. ii) The coincidence happens between (1H, 2V) or (1V, 2H), the BSM resolves the |Φ ± state. iii) Both the two APDs in one output port fire, the BSM device detects the state |Ψ + or |Ψ ± , and we can't tell two states apart. iv)The coincidence happens between (1H, 1V) or (2H, 2V) are attributed to the high-order emission noise or the imperfection of the HOM interference. 
In comparison to DI verification of entanglement
By contrast, it was discussed in [6] that to faithfully verify entanglement for Werner states device-independently, it needs to violate the DI entanglement witness
where η is the fidelity of preparing the Bell state |Φ + 2 in doing self-testing, and we use the relation f = (1 − θ 2 2 ) 2 to replace the original one obtained in [6] . The fidelity required to verify entanglement for different values of η with v = 0.6 and 0.7 is plotted in Fig. 6 . It is obvious that even for η = 1, it requires extremely high fidelity, i.e.f > 0.99999 for v = 0.6 and f > 0.99998 for v = 0.7 which are hard to realize in experiments, while our result derived in Eq. (34) allows the fidelity of around 98.5%, which is a significant reduction and attainable in current experiments. [6] . The fidelity of Pauli observables requires near-perfect self-testing to faithfully complete DI verification task, which is hard to reach within current technology.
